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1
Ut + F (U)x = 0 (1.1)
(U = U(t, x) ∈ RN , F (U) ∈ RN , t > 0, x ∈ R1)
Glimm
1. 3
Glimm ([Glimm]) Riemann (1.1)
U(0, x) =
{
UL (x < 0),
UR (x > 0)
(1.2)
(UL, UR ) ([Lax])
Helly ( )
N = 1 Lax-Friedrichs
Helly
([Oleinik]) Glimm
(1965 )
1
[ - ]
[Glimm]
[Glimm]
[Smoller] ( 1983 )
( [Serre],
[Dafermos], [Bressan], [Zheng], [LeFloch], [Perthame], [Holden-Risebro], [Lu]) Glimm
[Glimm]
Glimm
[Dafermos]
1Glimm
2. 4
[Dafermos] [Young]
2
2.1
[ ], [Smoller], [Dafermos], [ - ], [ ]
(1.1) U N
U = T(u1, u2, . . . , uN) (
T )
F (U) Ω(3 U)
F (U) = T(f1(U), f2(U), . . . , fN(U))
(1.1) U = U(t, x) (N )
F (U) U 1 (1.1)
(1.1)
∇UF (U) =


∇Uf1(U)
...
∇UfN(U)

 =


∂ f1
∂ u1
· · · ∂ f1
∂ uN
...
...
∂ fN
∂ u1
· · · ∂ fN
∂ uN


U ∈ Ω N
λ1(U) < λ2(U) < · · · < λN(U)
2. 5
λj(U) ∇UF (U) ( U
) rj(U) :
∇UF (U)rj(U) = λj(U)rj(U) (rj(U) 6= 0)
Ω
∇Uλj(U) · rj(U) =
(
∂ λj
∂ u1
(U), . . . ,
∂ λj
∂ uN
(U)
)
· rj(U) = 0
j- Ω U
∇Uλj(U) · rj(U) 6= 0
j- rj(U)
−rj(U)
∇Uλj(U) · rj(U) > 0
U0(x) ∈ L1loc(R) :
{
Ut + F (U)x = 0 (t > 0, x ∈ R),
U(0, x) = U0(x) (x ∈ R)
(2.1)
U(t, x) ∈ L1loc((0,∞)×R) (U(t, x) ∈ Ω) (2.1) φ(t, x) ∈
C10 ([0,∞)×R)
∫∫
t>0
{φtU + φxF (U)}dtdx+
∫
R
φ(0, x)U0(x)dx = 0 (2.2)
:
2. 6
η(U) (η(U), q(U))
∫∫
t>0
{φtη(U) + φxq(U)}dtdx ≥ 0 (2.3)
φ ∈ C10 ((0,∞)×R)
Ω (η(U), q(U))
∇Uq(U) = ∇Uη(U)∇UF (U) (2.4)
U(t, x) (1.1)
η(U(t, x))t + q(U(t, x))x = ∇UηUt +∇UqUx = ∇Uη(Ut +∇UFUx)
= ∇Uη(Ut + Fx) = 0
(2.4) N N ≥ 3 η, q
2.2
Riemann (1.2) (2.1) Riemann
[ ] ( )
:
1. j- j- :
U(t, x) =


U1 (x < λj(U1)t),
V (x/t) (λj(U1)t ≤ x ≤ λj(U2)t),
U2 (λj(U2)t < x)
(2.5)
2. 7
U1, U2 V = V (ξ)


V ′(ξ) // rj(V (ξ)) (ξ ≥ λj(U1)),
λj(V (ξ)) = ξ (ξ ≥ λj(U1)),
V (λj(U1)) = U1
(2.6)
U1 Ω U2 (Ω U1
) Rj(U1) (3 U2)
Rj(U1) (2.6) V (ξ) rj(U)
( ) x
Rj(U1)
2. j- j- :
U(t, x) =
{
U1 (x < st),
U2 (x > st)
U1, U2 s Rankine-Hugoniot :
s(U2 − U1) = F (U2)− F (U1) (2.7)
Lax :
{
λj−1(U1) < s < λj(U1),
λj(U2) < s < λj+1(U2)
(2.8)
( j = 1 j = N λj−1, λj+1
)
U1 U2 (U1 ) Sj(U1)
Rj(U1) Sj(U1) U = U1 C
2 1 ε
U = Uˆj(ε) = Uˆj(ε;U1) :
Rj(U1) = {Uˆj(ε); ε > 0}, Sj(U1) = {Uˆj(ε); ε < 0}


Uˆj(0) = U1,
Uˆ ′j(ε) = rj(Uˆj(ε)) (ε ≥ 0),
Uˆ ′′j (ε) = ∇Urj(Uˆj(ε)) · rj(Uˆj(ε)) (ε ≥ 0)
(2.9)
( [ ] )
2. 8
3. j- j- :
U(t, x) =
{
U1 (x < st),
U2 (x > st)
U1, U2, s Rankine-Hugoniot (2.7)
s = λj(U1) = λj(U2) (2.10)
U1 U2 (U1 ) Cj(U1)
1 ε
U = Uˆj(ε) = Uˆj(ε;U1), Cj(U1) = {Uˆj(ε)}


Uˆj(0) = U1,
Uˆ ′j(ε) = rj(Uˆj(ε)),
Uˆ ′′j (ε) = ∇Urj(Uˆj(ε)) · rj(Uˆj(ε))
(2.11)
j- Uˆj(ε) U1
j- j- 2 j-
Uˆj(ε) U1 j-
rj(U)
(2.9), (2.11) Uˆj(ε)
Uˆj(ε) = Uˆj(ε;U1) = U1 + εrj(U1) +
ε2
2
∇Urj(U1) · rj(U1) +O(ε3)
2.3 Riemann
(2.5), (2.8), (2.10)
:
t = 0 x = x1 i- (i- i- i- )
UM x = x2 (x1 < x2) j-
2. 9
• i < j i- j-
• i > j i- j-
• i = j i- j-
(
)
Riemann (1.1), (1.2) 1- 2- . . . N -
U0 = UL, UN = UR
Uj = Uˆj(εj;Uj−1) (j = 1, 2, . . . , N)
εj (1 ≤ j ≤ N) U1 UN−1
N ( 2.1,2.2) UL, UR
P
S
frag
rep
lacem
en
ts
x
t
0
U0 = UL
U1
U2
U3
U4 = UR
S1
R2 C3
R4
2.1: (t, x)
P
S
frag
rep
lacem
en
ts
U0 = UL
U1 = Uˆ1(ε1;U0)
U2 = Uˆ2(ε2;U1)
U3 = Uˆ3(ε3;U2)
U4 = UR = Uˆ4(ε4;U3)
S1(U0)
R2(U1)
C3(U2)
R4(U3)
2.2: Ω(⊂ R4)
Rimann
2.4 Riemann
Riemann
T (ε;U) = T (ε1, . . . , εN ;U)
T (ε;U) = UˆN(εN ; UˆN−1(εN−1; · · · (Uˆ1(ε1;U)) · · ·))
2. 10
Riemann
T (ε;UL) = UR (2.12)
ε = T(ε1, . . . , εN)
T (0;U) = U ∇εT (0;U)
∂
∂ εj
T (ε;U)
∣∣∣∣∣
ε=0
= lim
εj→0
T (0, · · · , εj, · · · , 0;U)− T (0;U)
εj
= lim
εj→0
Uˆj(εj;U)− U
εj
=
∂ Uˆj
∂ εj
(0;U) = rj(U)
∇ε{T (ε;UL)− UR}|ε=0,UL=UR=U¯ = [r1(U¯), . . . , rN(U¯)]
(2.12) U¯ ∈ Ω
ε δˆ1 > 0
|UL − U¯ | < δˆ1, |UR − U¯ | < δˆ1
(2.12)
ε = α(UL, UR)
C2 α(U,U) = 0
δˆ1
sup
UL,UR∈Bδˆ1
(U¯)
(|∇ULα(UL, UR)|+ |∇URα(UL, UR)|) ≤M1 (2.13)
ε = α(UL, UR) = α(UL, UR)− α(UL, UL)
=
∫ 1
0
∇URα(UL, UL + θ(UR − UL)) · (UR − UL)dθ
2. 11
(2.13) |UL − U¯ | < δˆ1, |UR − U¯ | < δˆ1
|ε| = |α(UL, UR)| ≤M1|UR − UL| (2.14)
|ε| |UR − UL|
UR = T (ε;UL) δˆ2 > 0
sup
|ε|<δˆ2,UL∈Bδˆ1
(U¯)
|∇εT (ε;UL)| ≤M2 (2.15)
UR − UL = T (ε;UL)− T (0;UL) =
∫ 1
0
∇εT (θε;UL) · εdθ
|ε| < δˆ2, |UL − U¯ | < δˆ1
|UR − UL| = |T (ε;UL)− UL| ≤M2|ε| (2.16)
UL, UR ∈ Bδˆ1(U¯) Riemann ( ) Bδˆ1(U¯)
ε˜ = T(ε1, . . . , εj−1, θεj, 0, . . . , 0) (0 ≤ θ ≤ 1)
U˜ = T (ε˜;UL)
2 (2.14), (2.16)
|U˜ − Uˆ | ≤ |T (ε˜;UL)− UL|+ |UL − U¯ | ≤ M2|ε˜|+ |UL − U¯ |
≤ M2|ε|+ |UL − U¯ | = M2|α(UL, UR)|+ |UL − U¯ |
≤ M2M1|UL − UR|+ |UL − U¯ |
≤ (1 +M1M2)|UL − U¯ |+M1M2|UR − U¯ |
2
εj
2. 12
(1 + 2M1M2)δˆ3 ≤ δˆ1 (2.17)
δˆ3 UL, UR ∈ Bδˆ3(U¯) U˜ = T (ε˜;UL)
Bδˆ1(U¯) Riemann
Bδˆ1(U¯)
( Glimm )
UR = T (ε;UL) |UL − U¯ | < δˆ1, |ε| < δˆ2 |UR − U¯ | < δˆ1
δˆ2
|UL − U¯ | < δˆ3, |ε| < δˆ2 ⇒ |UR − U¯ | = |T (ε;UL)− U¯ | < δˆ1
(2.16)
|UR − U¯ | ≤ |UR − UL|+ |UL − U¯ | < M2|ε|+ δˆ3
0 < δˆ2 ≤ δˆ1 − δˆ3
M2
(2.18)
UL, UR ∈ Bδˆ3(U¯) ⇒ |ε| = |α(UL, UR)| < δˆ2
δˆ3 (2.14)
|ε| ≤M1|UR − UL| ≤M1(|UR − U¯ |+ |UL − U¯ |) < 2M1δˆ3
3. 13
2M1δˆ3 ≤ δˆ2 (2.19)
(2.18) (2.19) (2.17) δˆ2, δˆ3 (2.18)
(2.19)
3
3.1 Glimm
Glimm
Glimm Rie-
mann ( )
Glimm
(random choice method)
1
U0(x) :
TVR U0 <∞
TVR R ( A )
(x) ∆x (t) ∆t
(2.1) U∆(t, x)
3. 14
U∆(t, x) λj(U
∆)
:
sup
1≤j≤N, t>0, x∈R
|λj(U∆(t, x))| = Λ0 <∞ (3.1)
1. Λ Λ > Λ0 ∆x
∆x
∆t
= Λ > Λ0 (3.2)
(3.2) Courant-Friedrichs-Lewy (CFL )
∆t ∆x ( )
2.
(|m|+ 1)∆x ≤ 1
∆x
(3.3)
m
U0m = U0(m∆x)
2∆x U∆(0, x) :
U∆(0, x) = U 0m ((m− 1)∆x ≤ x < (m+ 1)∆x) (3.4)
x U∆(0, x) : (3.3)
m0 U
∆(0, x) (3.4) (−m0 − 1)∆x ≤ x <
(m0 + 1)∆x
U∆(0, x) =
{
U0∞ (x ≥ (m0 + 1)∆x),
U0−∞ (x < (−m0 − 1)∆x)
U0±∞
U0±∞ = limx→±∞
U0(x)
3. 15
U0(x) R (
A )
2(m0 + 1)∆x
U∆(0, x) U0(x)
(3.3) 2/∆x ∆x 0
U0(x)
[Glimm], [Smoller], [Dafermos]
3. U∆(0, x) (2.1) U∆(0, x)
Riemann
m (−m0 − 2 ≤ m ≤ m0)


Ut + F (U)x = 0 (0 < t < ∆t, m∆x ≤ x < (m+ 2)∆x),
U(0, x) =
{
U0m (m∆x ≤ x < (m+ 1)∆x),
U0m+2 ((m+ 1)∆x ≤ x < (m+ 2)∆x)
x = (m+ 1)∆x Riemann
U∆(t, x) ( 3.1)
PSfrag replacements
x
t
0t = 0
t = ∆t
2∆x−2∆x 4∆x
3.1: 0 < t < ∆t U∆(t, x)
Riemann (dx/dt)
Λ0 CFL (3.2)
∆t ∆x
2. t = 0 (−m0 − 1)∆x ≤ x < (m0 + 1)∆x
0 < t < ∆t (−m0 − 2)∆x ≤ x < (m0 + 2)∆x
U∆(t, x)
3. 16
4. t = ∆t U∆ ( ) m
U1m = U
∆(∆t− 0, (m+ θ1)∆x)
U∆(∆t, x) = U 1m ((m− 1)∆x ≤ x < (m+ 1)∆x) (3.5)
θ1 −1 < θ1 < 1
U∆(t, x) t = 0 k x = k∆x
t = ∆t k x = k∆x
t = ∆t x (3.5) U∆(∆t, x)
(−m0 − 2)∆x ≤ x < (m0 + 2)∆x
5. 3., 4.
tn = n∆t n+m n(≥ 1), m
Cellnm = {(t, x); tn−1 ≤ t < tn, (m− 1)∆x ≤ x < (m+ 1)∆x}
tn−1 < t < tn t = tn−1 U
∆(tn−1, x)
Cellnm Riemann U
∆(t, x) t = tn
Unm = U
∆(tn − 0, (m+ θn)∆x)
U∆(tn, x) = U
n
m ((m− 1)∆x ≤ x < (m+ 1)∆x)
t = tn 2∆x θn
−1 < θn < 1
Unm
anm = (tn, (m+ θn)∆x) (n+m )
3. 17
PSfrag replacements
x
t
0t = 0
t = ∆t
t = 2∆t
2∆x−2∆x 4∆x
a1−2 a
2
3Cell21
3.2: 0 < t < 2∆t U∆(t, x)
• Riemann ( )
• (3.1)
∆t
3.2
3.1 Glimm θn (n = 1, 2, . . .)
[Smoller]
U0(x) Riemann (1.2) UR ∈
Sj0(UL) U0 j0-
U(t, x) =
{
UL (x < st),
UR (x > st)
(3.6)
s s > 0
3. 18
Glimm U0(x) 0 < s < Λ0 < Λ
θ1,θ2,. . . 0
t = 0
U0m =
{
UL (m = −1,−3, . . .),
UR (m = 1, 3, . . .)
t = 0 0 < t < ∆t (Cell10 ) j0-
U∆(t, x) =
{
UL (x < st),
UR (x > st)
t = ∆t s > 0 θ1 = 0
U10 = U
∆(∆t, θ1∆x) = U
∆(∆t, 0) = UL, (= U
1
−2 = U
1
−4 = · · ·)
U12 = UR (= U
1
4 = U
1
6 = · · ·)
x = ∆x ∆t < t < 2∆t (Cell21 ) j0-
U∆(t, x) =
{
UL (x−∆x < s(t−∆t)),
UR (x−∆x > s(t−∆t))
t = 2∆t x = 2∆x ( 3.3)
UL, UR ∆t ∆x
∆x→ +0
x
t
=
∆x
∆t
= Λ
U(t, x) =
{
UL (x < Λt),
UR (x > Λt)
3. 19
PSfrag replacements
x
t
0t = 0
t = ∆t
t = 2∆t
UL UL UL
UL UL
UL UL
URUR
URUR
URURUR
3.3: θn = 0
(3.6)
θn = 0
−∆x < θn∆x < s∆t
PSfrag replacements
x
t
0
t = 0
t = ∆t
t = 2∆t
x = −∆x x = ∆x
x = s∆t
3.4: x = s∆t
θn
s∆t < θn∆x < ∆x
x = st 1 −∆x
x = −Λt
(3.6)
4. 20
x = st θn
θ1 (−1, 1) t = ∆t U10
−∆x < θ1∆x < s∆t P1
P1 =
s∆t+ ∆x
2∆x
(3.7)
s∆t < θ1∆x < ∆x P2
P2 =
∆x− s∆t
2∆x
(3.8)
U10 = UL, U
1
2 = UR t = ∆t xs
xs = ∆x U
1
0 = UR, U
1
−2 = UL xs xs = −∆x
(3.7), (3.8) θ1 (−1, 1) t = ∆t
xs ( ) x¯s
x¯s = P1∆x+ P2(−∆x) = s∆t+ ∆x
2
− ∆x− s∆t
2
= s∆t
t = ∆t ∆x (−∆x)
θ1,θ2,. . . x = st
x = st ( 3.5)
∆x→ +0 (3.6)
4
4.1
Glimm
Glimm ([Glimm]) Yong ([Yong])
4. 21
PSfrag replacements
x
t
0
x = st
3.5: x = st
4.1 ( )
UL, UM , UR ∈ Bδˆ3(U¯) γ = α(UL, UM), δ = α(UM , UR), ε = α(UL, UR)
|ε− γ − δ| ≤M3D(γ, δ) (4.1)
δˆ3 M3
D(γ, δ)
D(γ, δ) =
∑
γi δj
|γi| |δj|
γi δj
• i > j
• i = j γi δj
UM 2 Riemann γ, δ UM
ε ( 4.1, 4.2)
4. 22PSfrag replacements
x
t
UL UM UR
γ δ
4.1: γ δ
PSfrag replacements
x
t
UL UR
ε
4.2: ε
U0(x) =


UL (x < −a),
UM (−a < x < a),
UR (a < x)
(4.2)
( 4.1) t Riemann γ δ 2
(1.1) (t, x) 7→ (at, ax)
(4.2) Ua(t, x) a = 1 U1(t, x)
Ua(t, x) = U1
(
t
a
,
x
a
)
(4.3)
a 0 (4.2) Riemann
(1.2) Ua(t, x) a→ +0 Riemann
a→ +0 (4.3) Ua(t, x) U1(t, x)
U1(t, x)
(4.2) ( 4.1) γ, δ
Riemann (1.2) ε ( 4.2) ε
γ, δ 4.1
4. 23
4.2
D(γ, δ) = 0 ε
γ, δ
ε = α(UL, UR), γ = α(UL, UM), δ = α(UM , UR)
UM = T (γ;UL), UR = T (δ;UM)
ε = α(UL, T (δ;T (γ;UL))) = β(γ, δ;UL)
UL, UM , UR ∈ Bδˆ3(U¯) Bδˆ1(U¯)
4.2
γj, δj
Uˆj(δj; Uˆj(γj;U0)) = Uˆj(δj + γj;U0) (4.4)
V (ξ) = Uˆj(ξ;U0)


dV (ξ)
dξ
= rj(V (ξ)),
V (0) = U0
(4.5)
4. 24
Vˆ (ξ) = Uˆj(ξ + γj;U0) (ξ 0 δj ) (4.6)
Vˆ ′(ξ) = Uˆ ′j(ξ + γj;U0) = rj(Uˆj(ξ + γj;U0)) = rj(Vˆ (ξ)),
Vˆ (0) = Uˆj(γj;U0)
(4.5)
Vˆ (ξ) = Uˆj(ξ; Uˆj(γj;U0)) (4.7)
(4.6), (4.7) (4.4)
4.3
γ, δ 0 γi δj i < j
i = j
ε = γ + δ
γ, δ
{
γ = T(γ1, . . . , γk−1, γk, 0, . . . , 0),
δ = T(0, . . . , 0, δk, δk+1, . . . , δN )
UL UM , UM UR
{
U1 = Uˆ1(γ1;UL), . . . , Uk−1 = Uˆk−1(γk−1;Uk−2), Uk = Uˆk(γk;Uk−1) = UM ,
U˜k = Uˆk(δk;UM), Uk+1 = Uˆk+1(δk+1; U˜k), . . . , UN = UˆN(δN ;UN−1) = UR
4. 25
δk = 0 U˜k = UM (k + 1)
Uk = UM UL UR
ε = T(γ1, . . . , γk−1, γk, δk+1, . . . , δN)
γk = 0 Uk = UM (k + 1) U˜k
ε = T(γ1, . . . , γk−1, δk, δk+1, . . . , δN)
UL UR
γk δk 0 4.2
U˜k = Uˆk(δk;UM ) = Uˆk(δk; Uˆk(γk;Uk−1)) = Uˆk(γk + δk;Uk−1)
Uk−1 U˜k k γk + δk
ε = T(γ1, . . . , γk−1, γk + δk, δk+1, . . . , δN)
PSfrag replacements
xx
t
UL
UM
UR
γk δk γk + δk
4.3: γk + δk
ε = γ + δ
4.3
4. 26
4.3
N = 2 N [Yong], [Dafermos]
N = 2
ε = β(γ, δ;UL) = β(γ1, γ2, δ1, δ2;UL) (4.8)
γ = 0, δ = 0
γ = 0 UM = T (0;UL) = UL δ = α(UM , UR) = α(UL, UR)
β(0, δ;UL) = δ (4.9)
δ = 0 UR = T (0;UM ) = UM γ = α(UL, UM) =
α(UL, UR)
β(γ, 0;UL) = γ (4.10)
(4.8) 1 γ + δ
(4.9), (4.10)
ε− γ − δ = β(γ, δ;UL)− β(γ, 0;UL)− β(0, δ;UL)
:
ε− γ − δ = A1 + A2 + A3 + A4, (4.11)
A1 = β(γ1, γ2, δ1, δ2)− β(γ1, γ2, 0, δ2)− β(γ1, 0, δ1, δ2) + β(γ1, 0, 0, δ2), (4.12)
A2 = β(γ1, γ2, 0, δ2)− β(γ1, γ2, 0, 0)− β(γ1, 0, 0, δ2) + β(γ1, 0, 0, 0), (4.13)
A3 = β(γ1, 0, δ1, δ2)− β(γ1, 0, 0, δ2)− β(0, 0, δ1, δ2) + β(0, 0, 0, δ2), (4.14)
A4 = β(γ1, 0, 0, δ2)− β(γ1, 0, 0, 0)− β(0, 0, 0, δ2) + β(0, 0, 0, 0) (4.15)
4. 27
β(γ1, 0, 0, δ2) 4.3
β(γ1, 0, 0, δ2) =
T(γ1, δ2)
(4.9), (4.10) A4
A4 =
T(γ1, δ2)− T(γ1, 0)− T(0, δ2) + 0 = 0 (4.16)
A1
A1 = [β(γ1, γ2, τδ1, δ2)− β(γ1, 0, τδ1, δ2)]τ=1τ=0
=
[
[β(γ1, σγ2, τδ1, δ2)]
σ=1
σ=0
]τ=1
τ=0
=
∫ 1
0
∫ 1
0
∂2
∂σ∂τ
β(γ1, σγ2, τδ1, δ2)dσdτ
=
∫ 1
0
∫ 1
0
∂2β
∂γ2∂δ1
(γ1, σγ2, τδ1, δ2)dσdτγ2δ1
UL, UM , UR ∈ Bδˆ3(U¯)
sup
UL,UM ,UR∈Bδˆ3
(U¯), 0≤aj≤1
∣∣∣∇2(γ,δ)β(a1γ1, a2γ2, a3δ1, a4δ2;UL)∣∣∣ ≤M3
|A1| ≤M3|γ2| |δ1| (4.17)
A2 γ2 δ2 4.3
A2 =
T(γ1, γ2 + δ2)− T(γ1, γ2)− T(γ1, δ2) + T(γ1, 0) = 0 (4.18)
A1
|A2| =
∣∣∣∣∣
∫ 1
0
∫ 1
0
∂2β
∂γ2∂δ2
(γ1, σγ2, 0, τδ2)dσdτγ2δ2
∣∣∣∣∣ ≤M3|γ2| |δ2| (4.19)
5. 28
A3 γ1 δ1
A3 =
T(γ1 + δ1, δ2)− T(γ1, δ2)− T(δ1, δ2) + T(0, δ2) = 0 (4.20)
A1
|A3| =
∣∣∣∣∣
∫ 1
0
∫ 1
0
∂2β
∂γ1∂δ1
(σγ1, 0, τδ1, δ2)dσdτγ1δ1
∣∣∣∣∣ ≤M3|γ1| |δ1| (4.21)
(4.11),(4.16), (4.17), (4.18), (4.19), (4.20), (4.21) 4.1
[Yong] ∇2β(0, 0) (4.1)
ε = γ + δ +
∑
i>j
γiδjA0(UL)
−1(∇Uri · rj −∇Urj · ri)(UL)
+D(γ, δ)O(|γ|+ |δ|) (A0(U) = [r1, . . . , rN ](U)) (4.22)
(4.22) 2 i > j
i = j ( ) 3
5
5.1 I-
[Glimm] Glimm I-
I- anm a
n+1
m+1 a
n−1
m+1
n = 0
a0m = (0,m∆x) (m )
5. 29
PSfrag replacements
x
t
0
t = t1
t = t2
a21 a
2
3 a
2
5 a
2
7 a
2
9
a01 a
0
3 a
0
5 a
0
7 a
0
9
5.1: I-
[Glimm], [Smoller] I-
tn−1 ≤ t ≤ tn+1 (n = 1, 2, . . .) 2∆t
I-
I- t
0 ≤ t ≤ t1 I- O
1 (an+1m a
n−1
m ) I- (a
n+1
m
) (an−1m ) I- I-
PSfrag replacements
an+1m
an−1m
5.2: I-
I-
I-
:
L(J) =
∑
αj J
|αj| (5.1)
5. 30
Q(J) =
∑
αi βj J
|αi| |βj| (5.2)
anm αj I- J
( 5.3)
α1j |α1j |
PSfrag replacements
J
J
αj
αj
α1j α
2
j
anm
anm
5.3: J
Q(J) αi βj αi βj i > j
i = j αi βj
t
3 Glimm I- L(J),
Q(J) |x|
U∆ I- L, Q
(
I- ) I- (2∆t ) O
I-
5.2 L
L(J) Q(J) U∆
Riemann
ε = α(UL, UR) (UL, UR ∈ Bδˆ3(U¯))
5. 31
(2.14)
N∑
j=1
|εj| ≤
√
N |ε| ≤
√
NM1|UL − UR| ≤
√
NM1 TVR U(t, ·) (5.3)
TVR U(t, ·) ( ) (
)
TVR U(t, ·) =
∑
j-
TV0≤ξ≤εj Uˆj(ξ;Uj−1) +
∑
k-
|Uk − Uk−1| (5.4)
C1
TV0≤ξ≤εj Uˆj(ξ;Uj−1) =
∫ εj
0
|Uˆ ′j(ξ;Uj−1)|dξ
(A ) Uˆ ′j (2.13) ∇εT (2.15) M2
TV0≤ξ≤εj Uˆj(ξ;Uj−1) ≤M2|εj| (5.5)
k-
|Uk − Uk−1| = |Uˆk(εk;Uk−1)− Uk−1| =
∣∣∣∣
∫ εk
0
Uˆ ′k(ξ;Uk−1)dξ
∣∣∣∣
≤
∫ εk
0
∣∣∣Uˆ ′k(ξ;Uk−1)∣∣∣ dξ
|Uk − Uk−1| ≤M2|εk| (5.6)
(5.4), (5.5), (5.6) Riemann U(t, x)
TVR U(t, ·) ≤M2
N∑
j=1
|εj| ≤M2
√
N |ε| (5.7)
5. 32
(5.3), (5.7) Riemann TVR U(t, ·) ∑ |εj| |ε|
L(J) J U∆
L(O) (5.3)
L(O) ≤
√
NM1
∑
(|m|+ 1)∆x ≤ 1/∆x, m
|U 0m+1 − U 0m−1|
=
√
NM1
∑
(|m|+ 1)∆x ≤ 1/∆x, m
|U0((m+ 1)∆x)− U0((m− 1)∆x)|
L(O) ≤
√
NM1 TVR U0 (5.8)
5.3 L,Q
5.1
5.1
∆x δˆ4, δˆ5, K :
TVR U0 < δˆ4, U0(x) ∈ Bδˆ5(U¯)
1. t > 0, x U∆(t, x) ∈ Bδˆ3(U¯)
2. Q(J) L(J) +KQ(J) J
5.1 δˆ4, δˆ5 δˆ5 δˆ5 ≤ δˆ3
0 ≤ t < t1 Riemann U∆(t, x) Bδˆ1(U¯)
Bδˆ3(U¯) δˆ5 (2.17)
(1 + 2M1M2)δˆ5 ≤ δˆ3 (5.9)
5. 33
U∆(t, x) ∈ Bδˆ3(U¯) I- I (δˆ5 O
) I- J I J
I0 I, J I
′, J ′ ( 5.4) I ′, J ′
PSfrag replacements
I0
I0
I ′
J ′
5.4: I J
PSfrag replacements
I ′
J ′
γ δ
ε
5.5: γ, δ, ε
I ′ γ, I ′ δ, J ′
ε ( 5.5)
L(I)
L(I) = L(I0) + L(I
′) = L(I0) +
∑
i
|γi|+
∑
i
|δi| (5.10)
L(I0), L(I
′)
L(J)
L(J) = L(I0) + L(J
′) = L(I0) +
∑
i
|εi| (5.11)
I ′ U∆ Bδˆ3(U¯) 4.1
|ε− γ − δ| ≤M3D(γ, δ)
∑
i
|εi| ≤
∑
i
|γi|+
∑
i
|δi|+NM3D(γ, δ)
≤ ∑
i
|γi|+
∑
i
|δi|+NM3Q(I ′) (5.12)
5. 34
(5.10), (5.11), (5.12)
L(J) ≤ L(I) +NM3Q(I ′) (5.13)
Q(I0, I
′) Q(I) I0 I
′
Q(I), Q(J)
Q(I) = Q(I0) +Q(I
′) +Q(I0, I
′), (5.14)
Q(J) = Q(I0) +Q(I0, J
′) (5.15)
Q(I0, J
′)
Q(I0, J
′) =
∑
αj I0 εi
|αj| |εi|
1. i < j
αj J
′ I0 αj
γi, δi |αj| |γi|, |αj| |δi| Q(I0, I ′)
|αj |εi| ≤ |αj| |γi|+ |αj| |δi|+M3D(γ, δ)|αj| (5.16)
2. i > j
1. |αj| |γi|, |αj| |δi| Q(I0, I ′) (5.16)
3. i = j αj j-
αj(= αi) γi, δi 1. |αj| |γi|, |αj| |δi|
Q(I0, I
′) (5.16)
4. i = j αj j-
εi i-
αj(= αi) > 0, εi < 0
5. 35
γi δi 1. γi
δi ( 0 )
εi < 0, γi < 0, δi ≥ 0
|εi| = −εi = (−εi + γi + δi)− γi − δi
≤ |εi − γi − δi|+ |γi| ≤M3D(γ, δ) + |γi|
|αj| |εi| ≤ |αj| |γi|+M3D(γ, δ)|αj|
|αj| |γi| Q(I0, I ′)
γi ≥ 0, δi < 0
|αj| |εi| ≤ |αj| |δi|+M3D(γ, δ)|αj|
|αj| |δi| Q(I0, I ′)
γi ≥ 0 δi ≥ 0
|εi| = −εi = (−εi + γi + δi)− γi − δi ≤ |εi − γi − δi| ≤M3D(γ, δ)
|αj| |εi| ≤M3D(γ, δ)|αj|
Q(I0, J
′) ≤ Q(I0, I ′) +NM3D(γ, δ)
∑
αj I0
|αj|
≤ Q(I0, I ′) +NM3Q(I ′)L(I0) (5.17)
L(I)NM3 ≤ 1
2
(5.18)
5. 36
L(I0)NM3 ≤ L(I)NM3 ≤ 1
2
(5.14), (5.15), (5.17)
Q(J) ≤ Q(I0) +Q(I0, I ′) + 1
2
Q(I ′) = Q(I)− 1
2
Q(I ′) (5.19)
Q(J) ≤ Q(I) (5.20)
K = 2NM3 (5.18) (5.13), (5.19)
L(J) +KQ(J) ≤ L(I) +NM3Q(I ′) + 2NM3
(
Q(I)− 1
2
Q(I ′)
)
= L(I) + 2NM3Q(I)
L(J) +KQ(J) ≤ L(I) +KQ(I) (5.21)
5.1 U∆ O I-
J (5.20), (5.21)
(5.18) I- O J
Q(J) ≤ Q(O), L(J) +KQ(J) ≤ L(O) +KQ(O) (5.22)
Q(I) =
∑
αi βj I
|αi| |βj| ≤
∑
αi I
|αi|
∑
βj I
|βj|
= L(I)2
5. 37
L(O) +KQ(O) ≤ L(O) +KL(O)2 = L(O)(1 +KL(O)) (5.23)
L(O) ≤ 1
2K
=
1
4NM3
(5.24)
O (5.18) O I- J (5.22)
L(J) ≤ L(O)(1 +KL(O)) ≤ 1
2K
3
2
≤ 1
K
(5.25)
L(J) (5.22) J I-
(5.22) (5.24)
(5.8)
TVR U0 ≤ 1√
NM1
1
2K
=
1
4N
√
NM1M3
(5.26)
5.1 (1) 5.1 (2)
5.1 (1) (5.7), (5.8), (5.9), (5.23), (5.24) I (t, x)
|U∆(t, x)− U¯ | ≤ |U∆(t, x)− U−∞|+ |U−∞ − U¯ | ≤ TVI U∆ + |U−∞ − U¯ |
≤ M2L(I) + |U−∞ − U¯ | ≤M2L(O)(1 +KL(O)) + |U−∞ − U¯ |
≤ 3
2
M2
√
NM1 TVR U0 + |U−∞ − U¯ | < 3
2
√
NM1M2δˆ4 + δˆ5
≤ 3
2
√
NM1M2δˆ4 +
δˆ3
1 + 2M1M2
3
2
√
NM1M2δˆ4 ≤ 2M1M2
1 + 2M1M2
δˆ3 (5.27)
5. 38
|U∆ − U¯ | < δˆ3
(5.9), (5.26), (5.27) δˆ4, δˆ5
δˆ4 ≤ min
{
4δˆ3
3
√
N(1 + 2M1M2)
,
1
4N
√
NM1M3
}
, δˆ5 ≤ δˆ3
1 + 2M1M2
5.1
5.1 (5.22) (5.25)
Glimm
L(J) L(O)
KQ(J)
KQ(J)
4.1 Glimm
(5.20),
(5.21) I- (Q L+KQ) Glimm
5.4
Glimm 5.1
5.2
U0 5.1 ∆x C1, C2
TVR U
∆(t, ·) ≤ C1 TVR U0 (t > 0), (5.28)
sup
x∈R
|U∆(t, x)− U¯ | ≤ δˆ3 (t > 0), (5.29)∫
R
|U∆(t, x)− U∆(s, x)|dx ≤ C2(Λ|t− s|+ 2∆x) TVR U0 (t, s > 0) (5.30)
5. 39
(5.29) 5.1 1. OK. (5.28) tn−1 ≤ t ≤ tn I-
Jn (5.7) tn−1 < t < tn
TVR U
∆(t, ·) ≤M2L(Jn)
(5.8), (5.25)
L(Jn) ≤ 3
2
L(O) ≤ 3
2
√
NM1 TVR U0
TVR U
∆(t, ·) ≤ 3
2
√
NM1M2 TVR U0
TVR U
∆(tn−1, ·) ≤ TVR U∆(t, ·)
(5.28) C1 = 3
√
NM1M2/2
(5.30)
(5.30) :
1. 0 < s < t, X = Λ(t− s)
|U∆(t, x)− U∆(s, x)|
≤ |U∆(t, x)− U∆(s, x−X)|+ |U∆(s, x−X)− U∆(s, x)|
≤ C4 TV[x−X,x+X] U∆(s, ·) (5.31)
( 5.6)
2. A > 0∫
R
TV[x−A,x+A] fdx ≤ 2ATVR f (5.32)
(5.28), (5.31)∫
R
|U∆(t, x)− U∆(s, x)|dx ≤ 2C4X TVR U∆(s, ·)
≤ 2C1C4Λ(t− s) TVR U0 (5.33)
5. 40
PSfrag replacements
t
x
(t, x)
(s, x)(s, x−X) (s, x+X)
5.6:
(5.30) (5.33)
(5.30) 1.
[Glimm] ( [Smoller]) [Dafermos]
I- (5.32)
(5.32) A
1. 2∆t I-
0 < s < t x
(t, x) ∈ Celln1m1 , (s, x) ∈ Celln2m2 (n1 +m1, n2 +m2 ) n1 ≥ n2 m1
m2, m2 ± 1
n1 > n2 (t, x) Cell
n1
m1
an1m1
t = tn2−1 I- J tn2−1 ≤ t ≤ tn2
J I- (J ) I ( 5.7)
I tn2−1 ≤ t ≤ tn2 I- Jn2 (5.18)
L(I) ≤ L(Jn2) ≤
1
K
I J I-
I- I-
I J (5.20), (5.21)
Riemann Celln1m1 U
∆
5. 41
PSfrag replacements
t
x
(t, x)
(s, x)
I
J
P
an1m1
an2m2
Celln1m1
Celln2m2
5.7: I- I J
(tn1−1,m1∆x) (t, x)
J Celln1m1 (t
′, x′) U∆(t, x) = U∆(t′, x′)
(s, x) (tn2−1,m2∆x) I Cell
n2
m2
(s′, y′)
U∆(s, x) = U∆(s′, y′)
(t′, x′), (s′, y′) J , I J I
P = an2m1−(n1−n2) (5.7)
|U∆(t, x)− U∆(s, x)| = |U∆(t′, x′)− U∆(s′, y′)|
≤ |U∆(t′, x′)− U∆(P )|+ |U∆(P )− U∆(s′, y′)|
≤ TVJ U∆ + TVI U∆ ≤M2L(J) +M2L(I)
(5.18), (5.21)
L(J) ≤ L(I) +KL(I)2 ≤ 2L(I)
|U∆(t, x)− U∆(s, x)| ≤ 3M2L(I) (5.34)
x (5.34) (t, x) ∈ Celln1m1
(t, x) (m1 ) I
5. 42
2∆x m1, n1, n2 (5.34)
I- I I(m1;n1, n2) (5.34)
|U∆(t, x)− U∆(s, x)| ≤ 3M2L(I(m1;n1, n2)) (5.35)
n1 = n2 (t, x) (s, x) Cell
n1
m1
I(m1;n1, n2) = I(m1;n1, n1) a
n1−1
m1−1 a
n1
m1
an1−1m1+1 2
I-
|U∆(t, x)− U∆(s, x)| = |U∆(t′, x′)− U∆(s′, y′)|
≤ TVI(m1;n1,n1) U∆ ≤M2L(I(m1;n1, n1))
(5.35) n1 = n2 (5.35)
1. (5.31)
2. (5.35) x
∫
R
|U∆(t, x)− U∆(s, x)|dx = ∑
n1 + m
∫ (m+1)∆x
(m−1)∆x
|U∆(t, x)− U∆(s, x)|dx
≤ 3M2
∑
n1 + m
∫ (m+1)∆x
(m−1)∆x
L(I(m;n1, n2))dx
= 6M2∆x
∑
n1 + m
L(I(m;n1, n2))
I- I(m;n1, n2) (n1− n2 + 1)
(n1 − n2 + 1) m I(m;n1, n2) Jn2
∞∑
k=−∞
L(I(k(n1 − n2 + 1) + r;n1, n2)) = L(Jn2)
∑
n1 + m
L(I(m;n1, n2)) = (n1 − n2 + 1)L(Jn2)
6. 43
∫
R
|U∆(t, x)− U∆(s, x)|dx ≤ 6M2∆x(n1 − n2 + 1)L(Jn2)
2. (5.33)
tn1 −∆t ≤ t, s < tn2
∆x(n1 − n2 + 1) = ∆x
∆t
(n1∆t− n2∆t) + ∆x = Λ(tn1 − tn2) + ∆x
< Λ(t+ ∆t− s) + ∆x = Λ(t− s) + 2∆x,
L(Jn2) ≤
3
2
L(O) ≤ 3
2
√
NM1 TVR U0
∫
R
|U∆(t, x)− U∆(s, x)|dx ≤ 9
√
NM1M2{Λ(t− s) + 2∆x}TVR U0
(5.30)
6
6.1 t
5.2 Glimm
5.2 ∆x→ +0 U∆(t, x)
0 ∆xn U
∆n(t, x)
Helly
6.1 (Helly )
{fn(x)}n=1,2,... R fn(x)
TVR fn ≤ A1 <∞, sup
x∈R
|fn(x)| ≤ A2 <∞
6. 44
A1, A2 {fn(x)}n {fnj(x)}j
f(x) :
{
fnj(x) → f(x) ( ),
TVR f ≤ 2A1, supx |f(x)| ≤ A2,
B
5.2 (5.28), (5.29) U∆(t, x) t x Helly
6.1 t U∆
x t
5.2 (5.30)
(0,∞) {tk}k=1,2,... (
) Helly 6.1 t = t1 0 {∆xn(1)}n
U∆n(1) pt1(x)
:
lim
n→∞
U∆n(1)(t1, x) = pt1(x) ( )
t = t2 Helly 6.1 {∆xn(1)}n
{∆xn(2)}n ⊂ {∆xn(1)}n
lim
n→∞
U∆n(2)(t2, x) = pt2(x) ( )
{∆xn(1)}n ⊃ {∆xn(2)}n ⊃ . . .
k
lim
n→∞
U∆n(k)(tk, x) = ptk(x) ( )
(ptk Helly 6.1 )
6. 45
{∆xk(k)}k k ≥ m
{∆xk(k)}k≥m ⊂ {∆xn(m)}n
tm
lim
k→∞
U∆k(k)(tm, x) = ptm(x) (6.1)
( )
t ∈ (0,∞) \ {tk} 5.2 (5.30)
M
∫
|x|≤M
|U∆n(n)(t, x)− U∆m(m)(t, x)|dx
≤
∫
|x|≤M
|U∆n(n)(t, x)− U∆n(n)(tk, x)|dx
+
∫
|x|≤M
|U∆n(n)(tk, x)− U∆m(m)(tk, x)|dx
+
∫
|x|≤M
|U∆m(m)(tk, x)− U∆m(m)(t, x)|dx
≤ C2(Λ|t− tk|+ 2∆xn(n)) TVR U0
+
∫
|x|≤M
|U∆n(n)(tk, x)− U∆m(m)(tk, x)|dx
+ C2(Λ|t− tk|+ 2∆xm(m)) TVR U0 (6.2)
(6.2) n,m → ∞ ∆xn(n), ∆xm(m)
(6.1) U∆ 0
lim sup
n,m→∞
∫
|x|≤M
|U∆n(n)(t, x)− U∆m(m)(t, x)|dx ≤ 2C2Λ|t− tk|TVR U0 (6.3)
{tk}k (0,∞) (tk ) t ∈ (0,∞)
(6.3)
lim
n,m→∞
∫
|x|≤M
|U∆n(n)(t, x)− U∆m(m)(t, x)|dx = 0
6. 46
M U∆n(n)(t, ·) L1(−M,M) Cauchy
U∆n(n)(t, ·) → qt in L1(−M,M) (6.4)
(M ) gt(x) ∈ L1loc(R)
{U∆n(n)(t, x)} t Helly 6.1
{∆xn(n)}n {∆x′n(t)}n (t ) pt(x)
U∆
′
n(t)(t, x) → pt(x) ( ) (6.5)
((6.1) {tk} ) (6.4), (6.5)
pt(x) qt(x) t(> 0)
pt(x) = qt(x) a.e. in R (6.6)
6.2 (t, x)
(6.4) Lebesgue T , M
lim
n,m→∞
∫ T
0
∫
|x|≤M
|U∆n(n)(t, x)− U∆m(m)(t, x)|dxdt = 0
V (t, x) ∈ L1loc((0,∞) × R) T , M
U∆n(n) → V in L1((0, T )× (−M,M))
( ) {∆xn(n)}n {∆x′′n}n
U∆
′′
n → V a.e. in (0,∞)×R (6.7)
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(6.5), (6.6), (6.7) (0,∞) 0 D t 6∈ D
V (t, x) = pt(x) = qt(x) a.e. x in R
U(t, x)
U(t, x) =
{
V (t, x) (t 6∈ D),
pt(x) (t ∈ D)
U 0 D×R V U (t, x)
t
U(t, x) = pt(x) = qt(x) a.e. x in R (6.8)
U(t, x) 5.2 Helly 6.1
:
TVR U(t, ·) ≤ 2C1 TVR U0 (t > 0), (6.9)
‖U(t, ·)− U¯‖L∞(R) ≤ δˆ3 (t > 0), (6.10)∫
R
|U(t, x)− U(s, x)|dx ≤ C2Λ|t− s|TVR U0 (t, s > 0) (6.11)
(6.9) U(t, ·) (6.8)
U(t, ·) pt(·) 3
Helly 6.1 pt(x)
TVR pt ≤ 2C1 TVR U0, |pt(x)− U¯ | ≤ δˆ3
(6.8) (6.9), (6.10) (6.11)
(5.30) M
∫ M
−M
|U∆n(n)(t, x)− U∆n(n)(s, x)|dx ≤ C2(Λ|t− s|+ 2∆xn(n)) TVR U0
3
[Ziemer]
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n→∞ (6.4)
∫ M
−M
|qt(x)− qs(x)|dx ≤ C2Λ|t− s|TVR U0
(6.8)
∫ M
−M
|U(t, x)− U(s, x)|dx ≤ C2Λ|t− s|TVR U0
M (6.11)
6.2
U0 5.1 0 {∆x′′n}n
U∆
′′
n U(t, x) ∈ L1((0,∞) × R)
U(t, x) (6.9), (6.10), (6.11)
L1((0,∞)× R) U(t, x) t U(t, ·)
t U
t ( s) (6.9), (6.10),
(6.11) L1((0,∞)×R)
7
7.1
6 Glimm U(t, x)
U(t, x)
(2.2)
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φ(t, x) ∈ C10([0,∞)× R) suppφ ⊂ [0, T )× (−M,M) T , M
6.2
∫∫
[0,T )×(−M,M)
|U∆′′n(t, x)− U(t, x)|dtdx→ 0
∫∫
[0,T )×(−M,M)
|F (U∆′′n(t, x))− F (U(t, x))|dtdx
≤ sup
U∈B
δˆ3
(U¯)
|∇UF (U)|
∫∫
[0,T )×(−M,M)
|U∆′′n − U |dtdx
→ 0
∫∫
t>0
{φtU∆′′n + φxF (U∆′′n)}dtdx→
∫∫
t>0
{φtU + φxF (U)}dtdx
∆x 1/∆x > M + 2∆x φ(0, x) 0
U∆(0, x) = U0(m∆x)
∣∣∣∣
∫
R
φ(0, x)U∆(0, x)dx−
∫
R
φ(0, x)U0(x)dx
∣∣∣∣
≤ ∑
m
∫ (m+1)∆x
(m−1)∆x
|φ(0, x)| |U0(m∆x)− U0(x)|dx
≤ ∑
m
‖φ(0, ·)‖C2∆xTV[(m−1)∆x,(m+1)∆x] U0
= ‖φ(0, ·)‖C2∆xTVR U0
∆x→ +0
∫
R
φ(0, x)U∆(0, x)dx→
∫
R
φ(0, x)U0(x)dx
E(∆x) =
∫∫
t>0
{φtU∆ + φxF (U∆)}dtdx+
∫
R
φ(0, x)U∆(0, x)dx (7.1)
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∆x = ∆x′′n 0
(7.1) ( ) 0
E(∆x)
(2.2)
3.2 Glimm θ = (θn)n
E 0 E
E = E(∆x) = E(∆x, θ, φ)
6 ( 6.2) θ
θ
θ
θ
E U∆(t, x) t = tn Riemann
( ) (1.1)
U∆t + F (U
∆)x = 0 a.e. in (0,∞)×R
φ(t, x)
0 =
∫∫
t>0
φ{U∆t + F (U∆)x}dtdx
=
∫∫
t>0
{(φU∆)t + (φF (U∆))x}dtdx−
∫∫
t>0
{φtU∆ + φxF (U∆)}dtdx (7.2)
1 Green
∫∫
t>0
{(φU∆)t + (φF (U∆))x}dtdx =
∞∑
n=1
∫ tn
tn−1
∫
R
{(φU∆)t + (φF (U∆))x}dxdt
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=
∞∑
n=1
∫
R
[
φU∆(t, x)
]t=tn−0
t=tn−1+0
dx
+
∞∑
n=1
∑
σ(t)
∫ tn
tn−1
(
−
[
φF (U∆)
]x=σ(t)+0
x=σ(t)−0
+ σ′(t)
[
φU∆
]x=σ(t)+0
x=σ(t)−0
)
dt (7.3)
∑
σ(t) tn−1 < t < tn x = σ(t)
Rankine-Hugoniot (2.7)
−
[
φF (U∆)
]
+ σ′(t)
[
φU∆
]
= (σ′(t)
[
U∆
]
−
[
F (U∆)
]
)φ(t, σ(t)) = 0
(7.3)
∫∫
t>0
{(φU∆)t + (φF (U∆))x}dtdx
=
∞∑
n=1
∫
R
φ(tn, x)
[
U∆
]t=tn−0
t=tn+0
dx−
∫
R
φ(0, x)U∆(+0, x)dx (7.4)
(7.2), (7.4)
E =
∫∫
t>0
{φtU∆ + φxF (U∆)}dtdx+
∫
R
φ(0, x)U∆(0, x)dx
=
∞∑
n=1
∫
R
φ(tn, x)
[
U∆
]t=tn−0
t=tn+0
dx (7.5)
(7.5) En :
En = En(∆x, θ, φ) =
∫
R
φ(tn, x)
[
U∆
]t=tn−0
t=tn+0
dx, (7.6)
E = E(∆x, θ, φ) =
∞∑
n=1
En(∆x, θ, φ) (7.7)
[Glimm], [Smoller] φ En n
[Dafermos] φ ∈ C10 ([0,∞)×R)
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E(∆x, θ, φ) 0
θ 0
E θ
θn −1 < θn < 1 µ(dθn) =
(1/2)dx,
E ⊂ (−1, 1) µ(E) = 1
2
m(E) (m Lebesgue )
X =
∞∏
n=1
(−1, 1) 3 θ = (θn)n
µ(dθn) ν(dθ) X ⊃∏∞
n=1An
ν
(
∞∏
n=1
An
)
=
∞∏
n=1
µ(An) =
∞∏
n=1
1
2
m(An)
[ ]
|En|
|En(∆x, θ, φ)| ≤ ‖φ(tn, ·)‖C
∫
R
∣∣∣∣[U∆]tn−0tn+0
∣∣∣∣ dx
= ‖φ(tn, ·)‖C
∑
m + n
∫ (m+1)∆x
(m−1)∆x
∣∣∣∣[U∆(tn − 0, ξ)]ξ=xξ=(m+θn)∆x
∣∣∣∣ dx
≤ ‖φ(tn, ·)‖C
∑
m
2∆xTV[(m−1)∆x,(m+1)∆x] U
∆(tn − 0, ·)
= 2∆x‖φ(tn, ·)‖C TVR U∆(tn − 0, ·)
(5.28)
|En(∆x, θ, φ)| ≤ 2C1∆x‖φ(tn, ·)‖C TVR U0 (7.8)
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En θn
∫ 1
−1
En(∆x, θ, φ)µ(dθn) =
1
2
∫ 1
−1
En(∆x, θ, φ)dθn
=
1
2
∫ 1
−1
∫
R
φ(tn, x)
[
U∆
]t=tn−0
t=tn+0
dxdθn
=
1
2
∑
m + n
∫ 1
−1
∫ (m+1)∆x
(m−1)∆x
φ(tn, x)
[
U∆(tn − 0, ·)
]x
(m+θn)∆x
dxdθn
θn y = (m+ θn)∆x
∫ 1
−1
En(∆x, θ, φ)µ(dθn) (7.9)
=
1
2∆x
∑
m
∫ (m+1)∆x
(m−1)∆x
∫ (m+1)∆x
(m−1)∆x
φ(tn, x)
[
U∆(tn − 0, ·)
]x
y
dxdy (7.10)
∫ (m+1)∆x
(m−1)∆x
∫ (m+1)∆x
(m−1)∆x
[
U∆(tn − 0, ·)
]x
y
dxdy
= 2∆x
∫ (m+1)∆x
(m−1)∆x
U∆(tn − 0, x)dx− 2∆x
∫ (m+1)∆x
(m−1)∆x
U∆(tn − 0, y)dy
= 0
∫ (m+1)∆x
(m−1)∆x
∫ (m+1)∆x
(m−1)∆x
φ(tn, x)
[
U∆(tn − 0, ·)
]x
y
dxdy
=
∫ (m+1)∆x
(m−1)∆x
∫ (m+1)∆x
(m−1)∆x
{φ(tn, x)− φ(tn,m∆x)}
[
U∆(tn − 0, ·)
]x
y
dxdy (7.11)
(m− 1)∆x ≤ x ≤ (m+ 1)∆x
|φ(tn, x)− φ(tn,m∆x)| ≤ ‖φx(tn, ·)‖C∆x (7.12)
(7.10), (7.11), (7.12)
∣∣∣∣
∫ 1
−1
En(∆x, θ, φ)µ(dθn)
∣∣∣∣
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≤ 1
2∆x
∑
m
‖φx(tn, ·)‖C∆x
∫ (m+1)∆x
(m−1)∆x
∫ (m+1)∆x
(m−1)∆x
∣∣∣∣[U∆]xy
∣∣∣∣ dxdy
≤ 1
2
‖φx(tn, ·)‖C
∑
m
(2∆x)2 TV[(m−1)∆x,(m+1)∆x] U
∆(tn − 0, ·)
≤ 2(∆x)2‖φx(tn, ·)‖C TVR U∆(tn − 0, ·)
∣∣∣∣
∫ 1
−1
En(∆x, θ, φ)µ(dθn)
∣∣∣∣ ≤ 2C1(∆x)2‖φx(tn, ·)‖C TVR U0 (7.13)
n0 n0∆t < T ≤ (n0 + 1)∆t n > n0 φ(tn, x) ≡ 0
n En = 0
E(∆x, θ, φ) =
n0∑
n=1
En(∆x, θ, φ)
n > n0 θn E(∆x, θ, φ) |E|2
X
∫
X
|E(∆x, θ, φ)|2ν(dθ)
=
∫
∏n0
n=1
(−1,1)
∣∣∣∣∣
n0∑
n=1
En(∆x, θ, φ)
∣∣∣∣∣
2
µ(dθ1) · · ·µ(dθn0)
=
1
2n0
∫ 1
−1
· · ·
∫ 1
−1
∣∣∣∣∣
n0∑
n=1
En(∆x, θ, φ)
∣∣∣∣∣
2
dθ1 · · · dθn0
∣∣∣∣∣
n0∑
n=1
En
∣∣∣∣∣
2
=
(
n0∑
n=1
En
)
·
(
n0∑
n=1
En
)
=
n0∑
n=1
|En|2 + 2
∑
n1<n2≤n0
En1 · En2 (7.14)
n > k Ek θn |En|2
(7.8)
1
2n0
∫ 1
−1
· · ·
∫ 1
−1
n0∑
n=1
|En|2dθ1 · · · dθn0 =
n0∑
n=1
1
2n
∫ 1
−1
· · ·
∫ 1
−1
|En|2dθ1 · · · dθn
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≤ 4C21 (∆x)2
n0∑
n=1
‖φ(tn, ·)‖2C(TVR U0)2
1
2n
∫ 1
−1
· · ·
∫ 1
−1
dθ1 · · · dθn
≤ 4C21 (∆x)2n0‖φ‖2C([0,∞)×R)(TVR U0)2
n0∆x = n0∆tΛ ≤ TΛ
1
2n0
∫ 1
−1
· · ·
∫ 1
−1
n0∑
n=1
|En|2dθ1 · · · dθn0 ≤ 4C21TΛ∆x‖φ‖2C([0,∞)×R)(TVR U0)2 (7.15)
En1 · En2
1
2n0
∫ 1
−1
· · ·
∫ 1
−1
2
∑
n1<n2≤n0
En1 · En2dθ1 · · · dθn0
= 2
∑
n1<n2≤n0
1
2n2
∫ 1
−1
· · ·
∫ 1
−1
En1 · En2dθn2 · · · dθ1
n1 < n2 (7.8), (7.13)
∣∣∣∣12
∫ 1
−1
En1 · En2dθn2
∣∣∣∣ = 12
∣∣∣∣En1 ·
∫ 1
−1
En2dθn2
∣∣∣∣ ≤ 12 |En1|
∣∣∣∣
∫ 1
−1
En2dθn2
∣∣∣∣
≤ C1∆x‖φ(tn1 , ·)‖C TVR U0 · 2C1(∆x)2‖φx(tn2 , ·)‖C TVR U0
= 2C21 (∆x)
3(TVR U0)
2‖φ(tn1 , ·)‖C‖φx(tn2 , ·)‖C
∣∣∣∣∣∣
1
2n0
∫ 1
−1
· · ·
∫ 1
−1
2
∑
n1<n2≤n0
En1 · En2dθ1 · · · dθn0
∣∣∣∣∣∣
≤ 2 ∑
n1<n2≤n0
2C21 (∆x)
3(TVR U0)
2‖φ(tn1 , ·)‖C‖φx(tn2 , ·)‖C
= 4C21 (∆x)
3(TVR U0)
2
n0−1∑
n1=1
n0∑
n2=n1+1
‖φ(tn1 , ·)‖C‖φx(tn2 , ·)‖C
≤ 4C21 (∆x)3‖φ‖C‖φx‖C(TVR U0)2
n0−1∑
n1=1
(n0 − n1)
= 2n0(n0 − 1)C21 (∆x)3‖φ‖C‖φx‖C(TVR U0)2
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n0∆x ≤ TΛ
∣∣∣∣∣∣
1
2n0
∫ 1
−1
· · ·
∫ 1
−1
2
∑
n1<n2≤n0
En1 · En2dθ1 · · · dθn0
∣∣∣∣∣∣
≤ 2C21 (TΛ)2∆x‖φ‖C‖φx‖C(TVR U0)2 (7.16)
(7.14), (7.15), (7.16)
∫
X
|E(∆x, θ, φ)|2ν(dθ)
≤ 4TΛ(C1 TVR U0‖φ‖C)2∆x+ 2(C1TΛ TVR U0)2‖φ‖C‖φx‖C∆x (7.17)
∆x→ +0
∫
X
|E(∆x, θ, φ)|2ν(dθ) → 0
E(∆x, θ, φ) L2(X; ν(dθ)) 0
Lebesgue 0 a.e. E(∆x, θ, φ)
Nφ ⊂ X 0 {∆x¯n(φ)}n (
φ θ ) ν(Nφ) = 0 θ ∈ X \Nφ
E(∆x¯n(φ), θ, φ) → 0
N φ
7.1
C∞0 ([0,∞) × R) {φn}n φ ∈ C0([0,∞) × R)
{φnj}j
1. j T0, M0
suppφnj , suppφ ⊂ [0, T0)× (−M0,M0)
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2. j →∞
‖φnj − φ‖C → 0
(Weierstrass
) [0, n]× [−m,m] 1 C∞0 ψn,m(t, x)
7.1 φk Nφk N =
⋃
k Nφk 0 (ν(N) = 0)
{φk} :
{∆x¯′n(1)} ⊃ {∆x¯′n(2)} ⊃ {∆x¯′n(3)} ⊃ . . .
k θ ∈ X \Nφk
lim
n→∞
E(∆x¯′n(k), θ, φk) = 0
θ ∈ X \ N = ⋂k(X \ Nφk)
k
lim
n→∞
E(∆x¯′n(n), θ, φk) = 0 (7.18)
φ ∈ C10 ([0,∞)×R) 7.1 {φnj}j T0, M0
(7.8)
|E(∆x¯′n(n), θ, φ)| ≤ |E(∆x¯′n(n), θ, φ− φnj)|+ |E(∆x¯′n(n), θ, φnj)|
≤
[T0/∆t¯′n(n)]∑
k=1
2C1∆x¯
′
n(n)‖(φ− φnj)(tk, ·)‖C TVR U0 + |E(∆x¯′n(n), θ, φnj)|
≤ 2C1ΛT0 TVR U0‖φ− φnj‖C + |E(∆x¯′n(n), θ, φnj)|
n→∞ (7.18)
lim sup
n→∞
|E(∆x¯′n(n), θ, φ)| ≤ 2C1ΛT0 TVR U0‖φ− φnj‖C
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j →∞ 0 θ ∈ X \N
lim
n→∞
E(∆x¯′n(n), θ, φ) = 0
{∆x¯′n(n)}n 6 U(t, x) {∆x˜n}n
θ ∈ X \N U
7.2
(2.3) 7.1
η(U∆)t + q(U
∆)x = 0 a.e. in (0,∞)×R
φ ∈ C10 ([0,∞)×R), φ ≥ 0
0 =
∫∫
t>0
{η(U∆)t + q(U∆)x}φdtdx
=
∫∫
t>0
{(φη∆)t + (φq∆)x}dtdx−
∫∫
t>0
(φtη
∆ + φxq
∆)dtdx
=
∞∑
n=1
∫
R
φ(tn, x)
[
η(U∆)
]tn−0
tn+0
dx−
∫
R
φ(0, x)η(U∆(+0, x))dx
−
∞∑
n=1
∫ tn
tn−1
∑
σ(t)
φ([q∆]− σ′[η∆])dt−
∫∫
t>0
(φtη
∆ + φxq
∆)dtdx
[ ] [q∆]− σ′[η∆]
• [q∆]− σ′[η∆] ≤ 0
• [q∆]− σ′[η∆] = 0
∫∫
t>0
(φtη
∆ + φxq
∆)dtdx+
∫
R
φ(0, x)η(U∆(+0, x))dx ≥ Eˆ(∆x, θ, φ)
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Eˆ(∆x, θ, φ) =
∞∑
n=1
∫
R
φ(tn, x)
[
η∆
]tn−0
tn+0
dx
∆x ∆x¯n(n) 7.1
∫∫
t>0
(φtη
∆ + φxq
∆)dtdx+
∫
R
φ(0, x)η(U∆(+0, x))dx
=
∫∫
t>0
(φtη + φxq)dtdx+
∫
R
φ(0, x)η(U0(x))dx+ o(1)
Eˆ(∆x, θ, φ) 0
E(∆x, θ, φ) {∆x˜n}n
{∆xˆn}n ν 0 N ′ ⊃ N θ ∈ X \N ′
φ ∈ C10 ([0,∞)×R)
Eˆ(∆xˆn, θ, φ) → 0
{∆xˆn}n θ ∈ X \N ′
∫∫
t>0
(φtη + φxq)dtdx+
∫
R
φ(0, x)η(U0(x))dx ≥ 0 (7.19)
(φ ≥ 0) (7.19)
(2.3) (2.3)
7.2
5.1 Glimm U∆ 0 {∆xˆn}n
ν 0 N ′(⊂ X) θ ∈ X \ N ′ U ∆ˆn
(7.19) (6.9), (6.10), (6.11)
8. 60
8
(1.1) Glimm
(front tracking method) (compensated
compactness)
Glimm
Bressan Glimm
Glimm
( )
Glimm
A
Glimm
∆ [a, b]
∆ : a = x0 < x1 < x2 < · · · < xn = b
V (∆, f) =
n∑
j=1
|f(xj)− f(xj−1)|, (A.1)
P (∆, f) =
n∑
j=1
(f(xj)− f(xj−1))+, (A.2)
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N(∆, f) =
n∑
j=1
(f(xj)− f(xj−1))− (A.3)
a+ = max{a, 0}, a− = min{−a, 0}
[a, b]
TV[a,b] f = sup
∆
V (∆, f), (A.4)
P[a,b]f = sup
∆
P (∆, f), (A.5)
N[a,b]f = sup
∆
N(∆, f) (A.6)
f
I = (a, b), [a, b), (a, b] ( (−∞,∞), (−∞, b], [a,∞) )
TVI f = sup
[c,d]⊂I
TV[c,d] f
PIf , NIf


TV(a,b] f = lim
c→a+0
TV[c,b] f,
TV[a,b) f = lim
d→b−0
TV[a,d] f,
TV(a,b) f = lim
c→a+0, d→b−0
TV[c,d] f
(A.7)
PIf , NIf
TVI f <∞ f I
[a, b] ∆ ∆ ( ∆ ) [a, b]
∆
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A.1
TV[a,b] f = P[a,b]f +N[a,b]f (A.8)
|x| = x+ + x−, x = x+ − x− (A.9)
|x+ y| ≤ |x|+ |y|, (x+ y)+ ≤ x+ + y+, (x+ y)− ≤ x− + y− (A.10)
[a, b] ∆ (A.9)
V (∆, f) = P (∆, f) +N(∆, f) ≤ P[a,b]f +N[a,b]f
∆
TV[a,b] f ≤ P[a,b]f +N[a,b]f (A.11)
[a, b] ∆1, ∆2 ∆1 ∆2
∆1 ∪∆2 (A.10)
P (∆1, f) ≤ P (∆1 ∪∆2, f), N(∆2, f) ≤ N(∆1 ∪∆2, f)
P (∆1, f) +N(∆2, f) ≤ P (∆1 ∪∆2, f) +N(∆1 ∪∆2, f) = V (∆1 ∪∆2, f)
≤ TV[a,b] f
∆1, ∆2
P[a,b]f +N[a,b]f ≤ TV[a,b] f (A.12)
A. 63
(A.11), (A.12) (A.8)
A.2
TV(a,b] f = P(a,b]f +N(a,b]f (a = −∞ ),
TV[a,b) f = P[a,b)f +N[a,b)f (b = ∞ ),
TV(a,b) f = P(a,b)f +N(a,b)f (a = −∞, b = ∞ )
A.2 (A.7)
A.3
TV[a,b] f <∞
P[a,b]f −N[a,b]f = f(b)− f(a) (A.13)
A.1 TV[a,b] f <∞ P[a,b]f <∞, N[a,b]f <∞
ε > 0 [a, b] ∆1, ∆2
P[a,b]f < P (∆1, f) + ε, N[a,b]f < N(∆2, f) + ε (A.14)
(A.9)
P (∆, f)−N(∆, f) =
n∑
j=1
(f(xj)− f(xj−1)) = f(b)− f(a)
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(A.14)
P[a,b]f −N[a,b]f < P (∆1, f) + ε−N(∆1, f) = f(b)− f(a) + ε,
P[a,b]f −N[a,b]f > P (∆2, f)− (N(∆2, f) + ε) = f(b)− f(a)− ε
ε (A.13)
A.4
TV[a,b] f <∞ a ≤ x ≤ b
P[a,x]f, N[a,x]f, TV[a,x] f
x x± 0 ( x = a x+ 0,
x = b x− 0)
g(x) [a, b]
g(x± 0) ( )
g(x− 0) < g(x+ 0)
x
[g(a), g(b)]
A.3, A.4 (A.7)
A.5
( ) A.3
TV(a,b] f <∞ ⇒ P(a,b]f −N(a,b]f = f(b)− f(a+ 0),
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TV[a,b) f <∞ ⇒ P[a,b)f −N[a,b)f = f(b− 0)− f(a),
TV(a,b) f <∞ ⇒ P(a,b)f −N(a,b)f = f(b− 0)− f(a+ 0)
A.5 (A.7)
A.6
f(x) ∈ C0([a, b]) ∩ C1((a, b))
sup
x∈(a,b)
|f ′(x)| ≤M <∞
TV[a,b] f <∞
TV[a,b] f =
∫ b
a
|f ′(x)|dx (A.15)
∆
V (∆, f) =
n∑
j=1
|f(xj)− f(xj−1)| =
n∑
j=1
|f ′(ξj)|(xj − xj−1) (xj−1 < ξj < xj)
≤ M
n∑
j=1
(xj − xj−1) = M(b− a)
TV[a,b] f ≤M(b− a) <∞
|f ′(x)| ∆
V (∆, f) =
n∑
j=1
|f ′(ξj)|(xj − xj−1) (A.16)
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‖∆‖ = max
j
{xj − xj−1}
‖∆n‖ → 0 {∆n}n (A.16)
V (∆n, f) →
∫ b
a
|f ′(x)|dx (A.17)
V (∆n, f) ≤ TV[a,b] f
n→∞
∫ b
a
|f ′(x)|dx ≤ TV[a,b] f (A.18)
TV[a,b] f <∞ ε > 0
TV[a,b] f < V (∆ε, f) + ε
∆ε ‖∆n‖ → 0 ∆n ∆ε ∪∆n
‖∆ε ∪∆n‖ ≤ ‖∆n‖ → 0
TV[a,b] f < V (∆ε, f) + ε ≤ V (∆ε ∪∆n, f) + ε
n→∞ (A.17)
TV[a,b] f ≤
∫ b
a
|f ′(x)|dx+ ε (A.19)
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ε (A.18), (A.19) (A.15)
A.7
a < b < c
TV[a,b] f + TV[b,c] f = TV[a,c] f (A.20)
[a, b] ∆1, [b, c] ∆2 [a, c]
∆1 + ∆2
V (∆1, f) + V (∆2, f) = V (∆1 + ∆2, f) ≤ TV[a,c] f
∆1, ∆2
TV[a,b] f + TV[b,c] f ≤ TV[a,c] f (A.21)
[a, c] ∆ ∆ b ∆′
∆′ [a, b] ∆1 [b, c] ∆2 ∆1 + ∆2 = ∆
′
V (∆, f) ≤ V (∆′, f) = V (∆1, f) + V (∆2, f) ≤ TV[a,b] f + TV[b,c] f
∆
TV[a,c] f ≤ TV[a,b] f + TV[b,c] f (A.22)
(A.21), (A.22) (A.20)
A.7 2 ( )
A.8
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TV(a,c] f = TV(a,b] f + TV[b,c] f (a = −∞ ),
TV[a,c) f = TV[a,b] f + TV[b,c) f (c = ∞ ),
TV(a,c) f = TV(a,b] f + TV[b,c) f (a = −∞, c = ∞ )
A.9
a b > 0
∞∑
k=−∞
TV[a+(k−1)b,a+kb] f = TVR f
A.10
TVR f <∞ A > 0
∫
R
TV[x−A,x+A] fdx ≤ 2ATVR f (A.23)
TVR f <∞ A.8 TV[x−A,x+A] f
TV[x−A,x+A] f = TV(−∞,x+A] f − TV(−∞,x−A] f
x Lebesgue
B > 0
∫
R
TV[x−A,x+A] fdx ≤
∞∑
m=−∞
∫ (m+1)B
mB
TV[x−A,x+A] fdx
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≤
∞∑
m=−∞
∫ (m+1)B
mB
TV[mB−A,(m+1)B+A] fdx = B
∞∑
m=−∞
TV[mB−A,(m+1)B+A] f
= B
∞∑
m=−∞
TV[mB−A,mB−A+(2A+B)] f
m0 − 1 < 2A+B
B
≤ m0 (A.24)
m0 2A+B ≤ m0B
TV[mB−A,mB−A+(2A+B)] f ≤ TV[mB−A,(m+m0)B−A] f
∫
R
TV[x−A,x+A] fdx ≤ B
∞∑
m=−∞
TV[mB−A,(m+m0)B−A] f (A.25)
A.9
∑
m≡j (mod m0)
TV[mB−A,(m+m0)B−A] f = TVR f
(A.25) m0B TVR f (A.24) m0B < 2A+2B
∫
R
TV[x−A,x+A] fdx ≤ (2A+ 2B) TVR f
B (A.23)
B Helly
Helly 6.1
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A.2, A.5
TV(−∞,x] fn = P(−∞,x]fn +N(−∞,x]fn, (B.1)
fn(x) = P(−∞,x]fn −N(−∞,x]fn + fn(−∞) (B.2)
TVR fn ≤ A1
0 ≤ P(−∞,x]fn ≤ A1, 0 ≤ N(−∞,x]fn ≤ A1 (B.3)
{gn(x)}n
P(−∞,x]fn, N(−∞,x]fn fn(x)
gn(x)
B1 ≤ gn(x) ≤ B2 (x ∈ R)
{xk}k {gn(xk)}n
xk {gn(x)}n {gnj(x)}j
:
lim
j→∞
gnj(xk) = αk
h(x)
h(x) =
{
αk (x = xk),
supxk<x αk (x 6∈ {xk}k)
gn xi < xk αi ≤ αk h(x)
B1 ≤ h(x) ≤ B2 (x ∈ R)
A.4 h(x) P
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x ∈ R \ P x ∈ {xk}k gnj(x) → h(x) x 6∈ {xk}k
gnj(x) → h(x) xi < x < xk
gnj(xi) ≤ gnj(x) ≤ gnj(xk)
j →∞
h(xi) ≤ lim inf
j
gnj(x) ≤ lim sup
j
gnj(x) ≤ h(xk)
{xk} xi, xk x h x
h(xi), h(xk) h(x)
h(x) = lim inf
j
gnj(x) = lim sup
j
gnj(x)
gnj(x) → h(x)
x ∈ R \P gnj(x) → h(x) P gnj
{gnj}j {gn′k}k P gn′k
g(x) = limk→∞ gn′
k
(x) x gn′
k
(x)
g(x) gn
(B.3) {nj}j {P(−∞,x]fnj}j,
{N(−∞,x]fnj}j {fnj(−∞)}j x
lim
j→∞
P(−∞,x]fnj = g1(x), limj→∞
N(−∞,x]fnj = g2(x), limj→∞
fnj(−∞) = β
(B.2)
lim
j→∞
fnj(x) = g1(x)− g2(x) + β
f(x) = g1(x)− g2(x) + β limj→∞ fnj(x) = f(x)
6.1
−A2 ≤ fnj(x) ≤ A2
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−A2 ≤ f(x) ≤ A2
f(x) (B.3)
0 ≤ g1(x) ≤ A1, 0 ≤ g2(x) ≤ A1
g1(x), g2(x)
TVR f = TVR(g1 − g2 + β) = TVR(g1 − g2) ≤ TVR g1 + TVR g2
≤ 2A1
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